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1) Runs in binary random numbers

Toss a coin 10 times. What is the probability of a longest “run” of 5 consecutive heads or
tails?

We will estimate this probability by simulating many times the experiment, consisting of
tossing a coin 10 times, with the T1-83; we therefore represent head by 1 and tail by 0.

First we simulate the experiment 5 times by generating a list of 50 random bits with
randInt(@,1,50). The result is, in groups of 10 bits:

0101000001 1110110011 0111100001 0011000100 1101011001.

The first group is the only group with a longest run of length 5. A rough estimation for the
probability of a longest run of 5 consecutive heads or tails is given by the relative frequency
1/5 =20 %.

We write a program for simulating the experiment 50 times, the basic idea is:

0—>T (T counts the number of groups of 10 bits with a longest run of length 5)

Repeat 50 times :
Generate a sequence of 10 bits in L1
Determine the length S of the longest run in L1
Increase T with 1 if S=5

Calculate the relative frequency T/50

PROGRAM: RUN

ClrHome clear the home screen
g-T initialisation of T
For(I,1,50) repeat 50 times
randInt(9,1,10)-L1 10 bits in L1
1-S initialisation of S
1-K K counts the length of each run in L1
1-J J is the position of the bit in L1
While J<10
While (L1(J)= L1 (min({J+1,10})) and J<10)
K+1-K increase K with 1
J+1-J increase J with 1 within a run
End end of second While
J+1-J increase J with 1 for a new run
If K>S
K-S S remembers the longest run
1-K put K = 1 for the next run
End end of first While
If S=5 increase T with 1 if S=5
T+1-T
End end For-loop

Disp "THE ESTIMATED"
Disp "PROBABILITY IS"
Disp T/50
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THE ESTIMATED
The result of running the program once gives 0.14. PROEABILITY I?H
The exact probability is % ~0.123. Done

A longest run of 5 consecutive heads or tails in tossing a coin 10 times is not that seldom!
Class task
Estimate the probability by combining the results of the students in your class.

Change the program such that it asks at the start how many times you want to
repeat the experiment (always 50 times in the above program).

Estimate the probability of a longest run of length 3 (exact : 185/512 = 0.361)
and the probability of a longest run of length at least 5 (exact : 111/512 =
0.217).

Verify the exact probability distribution of a longest run of heads (1) or tails (0)
with length /:

1 88 | 185 | 127 | 63 | 28 | 12 5 2 1
512 | 512 | 512 | 512 | 512 | 512 | 512 | 512 | 512 | 512

P

2) Approximate the probability distribution and the mean of a random
variable by simulation.

Toss a coin twice and let X = number of heads. What is the probability distribution of X ?
Simulate the experiment “toss a coin twice” 200 times, noting down the number of heads in
list L1. Code head with 1 and tail with 0. Plot the frequency distribution.

randIntCd. 1.2 seqisumthahdlhag Fi:Li meantl12

Bx1.202.¥.1.208
sumirandInt (8. 1. |+l
212 1112111 .

‘ I n

Min=0
rax s 0k n=4z

.85
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The simulation gives 42 times 0, 119 times 1 and 39 times 2 as number of heads. The mean is

42 11.119,5.39 S . _
0 200+1 200+2 300 0.985, an estimation of the theoretical value E(X)=1.

The relative frequencies 0.21, 0.595, 0.195 approximate the probability distribution
0.25, 0.5, 0.25 of the random variable .X.

Class task

Combine the simulations of all the students. What do you expect of the relative
frequency distribution?

3) Simulate a game of chance

Toss a coin twice and count the number of heads, add 1 and square the result. This is the
amount you get in dollars. But you have to pay 5 dollars each game. Are you prepared to play
this game a whole evening?

We simulate the game with list L1 of the preceding simulation. The received amounts appear
in the coupled list L2 = “(L1 + 1)2”. Check your loss or profit after 200 games.

"CLy+l 22" sedqisumirandInt -7d

cLi+1 272 Hal 222 Ha1.28082 seqisumirandInt

Lz L1 B.1.222,¥.1.2882

4449444 8111128 .| [+Li1

sumiLz »—1866 sumilLz »—186E t12181488
-131 74| |sumilz x—-1868EH 113

You lose 131 dollars with the first simulation. A second and third simulation give a loss of 74
en 113 dollars after 200 games. Don’t play this game!

2
let X = number of heads in tossing a coin twice, the random variable Y =[X +1] -5 s the

profit per game.

Y takes the values —4, —1, 4 with probabilities 11

1 )
£ 24

The mean of Yis E(Y)=—4-%+{—1J-%+4%=—0.5 .

This is the mean “profit” in the long run.

After 200 games, you can expect a loss in the neighbourhood of 100 dollars. If we combine
the three simulations, we lose 113 + 131 + 74 = 318 dollars after 600 games. This is close to
the theoretical prediction of 600-0.5=300.

Guido Herweyers T3 —Europe Belgium -4 -



4) Investigate a population

Consider the heights of 200 children (in cm) , age 10, as a population:

class width 20, too large
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class width 2, too small

120 123 151 142 137 128 133 142 136 137
144 126 135 142 135 134 140 149 137 129
128 140 129 137 141 137 135 129 133 139
132 125 124 132 129 139 132 145 140 138
137 133 137 138 131 137 131 127 134 134
150 140 144 137 133 139 130 141 136 124
130 135 124 122 136 132 133 133 142 127
142 130 135 125 136 132 153 145 131 131
134 145 139 132 136 143 138 141 141 141
136 148 128 137 134 138 130 145 135 141
131 143 146 132 127 129 133 142 157 133
139 128 123 140 140 152 136 125 130 153
130 126 129 157 144 142 128 138 142 135
141 139 132 135 145 134 140 136 138 143
122 141 122 132 136 129 138 130 129 135
134 141 133 128 121 131 137 140 133 135
138 132 140 145 128 140 134 128 146 132
131 142 133 137 126 128 129 124 137 127
139 141 157 146 128 136 130 141 129 143
137 143 139 141 121 131 128 133 136 146
Find the statistics and draw a histogram:
1-War Stats 1-War Stats F1i:Ld

®=1302.5975 Th=288

2x=27115 rmink=126

X E=36863339 =138

Sx=7. 188375247 Med=135.5

Tx=7 . 1 FE3I2173D Rz=148

+h=288 maxs=157 in=1z0
max<izy n=H
Influence of the class width:
Fi:Ld Fi:L1
:-:
miln?::{iiqﬁﬂlil n=t9 miln?::{iizfl:l n=gl




boxplot and normal probability plot:

Flutd Flukz Fa:iLi Fi:Ld
g:n??ﬁ K1 | P .
gFel L L d ot
Al HIH Lt
Alistily o
Fre=:l "
Mark: - B - rin=155
Hgd=1ZE.C Maxs1leg n=z
boxplot with outliers boxplot and histogram  normal probability plot
task:

remove the outliers and study the effect on the statistics.

5) Draw samples from a population

Generate 100 samples of size 4 from the population of 200 heights. Put the means in list L2.

The third sample has mean 132:

AT £1_ 1412 94 135,55
. 5 2 134,02 £95 131,752
J+l+JimeanisesyiL T 132% A5 148
1trandIntcl. 28R 4 139,252 a7 138,57
dadmaladal g Tai L 0 135,257 Mg 135075
JaLzoJaZ 6 138.32 99 136,250
£1 141z F 137.252 flEE 132,50
meanilz Fi:L1 FiLE
1352.4175
stobewilz2
Ze 27 EELEHG
min=1zz min=1z¢
max<1ze n=41 max<1iz6 n=tz
population sample means
The population has mean x, =135.575 .
mean(L2) =135.4 is an estimation of x; = u,
The population has standard deviation o, =7.17.
stdDev(L2) =3.36 is an estimation of o= 0-—2){ =3.585
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6) Normal approximation of a binomial distribution

Let X'=number of heads in tossing a coin 20 times. X has a binomial distribution with
parameters n =20 and p=0.5 .

X has mean u=np =10 and variance o> =npg=5.
Plot of the probability distribution of X:

Sedl R A B 2l

Flokz  Flokz
't

Mm123456 B =" Jn,
binomrdf(28.8.57 HH- HIH 7
+Lz mlistil o o
{9, 23367431ede -7 |W1listil: o o
Mark: E + ooood” Cooono
Compare with the normal approximation:
A Flotz Flok: L1 Lz Lz z
~MiBnormaledf s 7 NFECE:
18, LC502 B RN
Wie = En 16018
“ha= 11 2011 E
~My= iz Aznix
o= 1z NFELE:
~NE= Ledizr =, 160173135,
Ilustrate the continuity correction:
Floki Flokz W IHOOL IR -
o e I S P
gFes [ L= nm Hmax=13.5 Fal ooy
o M HIH 7 seEcl=1 - e
Alistild Mmin=-.HS
Fres:ilz Ymax=.19
necl=1 min=10.E
ares=1 rmax<iiE n=.160179

Calculate P(9 < X <11) exact and compare with the normal approximation with continuity

correction:
binomFdf 26 . 5: [binomncdi (28, 8, 5, n-:-r*mali:-:lf“':ﬂ 2211
Qr+binomPdf C28, 8111 2 -binomcdi CZ2A, 2 18, TS0
« oz 1) +hinomed CE. 5. 80 497EE0188
28.8.5.112 - 4IE3553281

- 39553353254
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7) Confidence Intervals

Given a sample of size 10 from a normal population with unknown mean x and standard

deviation o :
124 11.8 12.0 11.7 12.1 123 119 11.6 11.9 123
find a 95% confidence interval for the mean of the population:

t1Z2.4-11.8:12,11| |EDIT _CALC ms=ai= TInterwval TInterwal
LFei2a1,12,3, 11, | [2FT-Test. Ir_‘mUIEE.E Stats I:11 EIEIEn 12.194%
S,11.6:11.9712. 3| |51 2-SamreTest.. List:Ll1 =12
RE | 4 2=-SamrTTest.. Frea:l S:-::— 27VE2A1 2202
t12.4 11.8 12 1 S:l1-ProrsfTest.. C-Lewel:gs n=18
GiZ-ProrfTest.. Calculate
ricInterval..
MTInterwval..

a 95 % confidence interval for g is [11.806, 12.194]

How do we verify this interval?

Xi+ X5 +... Xy,

n

Given X ~ N(u,0) and sample mean X =

X - e . .
then T = S # has a t distribution with (n—1) degrees of freedom. Determine ¢ * such that

Jn
S - S
P(—t*<T <t*)=0.95 P(X —t* =< u<X+t*—-——)=0.95
(—t t*) or (X —t Nl <u +t \/;)

EGUATION SOLVER | [LcdfC -1@799, . =a| [meancly y—2. 26+=1

eyt B=todfC -18°9| m =2, 262157132382, [dDew il 2T ¢ 1682
. .90 -H.975 bound=1{H, 183 11.38545516
s left-rt=A meanili 2+2. 2ekst

dbew il 201682
12. 19353434
t*=2.26 confidence interval confirmed

8) F-test for comparing two standard deviations

Draw a sample from 2 normal populations, with size n; =16 and n, =9.

The means and sample standard deviations are:
;=180 and 5, =6 , u, =168 and 5, =4.

Can you reject the hypothesis of equal population standard deviations at the 5% significance
level?
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The hypotheses are: H, 0-
H:
2
The test statistic F' = —12
S
2

when HO 1S true.

O'liO'z

The p-value = 0.2485 > 0.05 , we cannot reject H,, .

has the F distribution with 7, —1 and n, —1 degrees of freedom

EDIT CAHLC

21T Interwal..
Qi 2-Samr2lnt...
H:2—-SamrTInt...
A: 1 -ProrZlnt...
B: 2-ProrilInt..
Cixe=Test...
M2-SamrFTest...

2=SamrFrFTest

InFt:Data SELE

Swlig

nl:ls

SwZid

n2:s

gl: S E

Calculate Oraw F=z.zt p=.Z4BE

F takes the value 36/16 =2.25 .

Verify the p-value:

?;ﬂlﬁ OREAL Fodi (2.25: 18739,
1nHorm 15. 22
4 Lrdf 124259153
2 bodi Ars#+2
B NEpdE « 23485138385
rEXECdf
= =
(- ete §
9) Modeling data
Find an appropiate model for the following data (heights in cm and weights in kg of 10
students).
x; | 163 | 185 | 180 | 175 | 168 | 175 | 191 | 180 | 160 | 183
Vi 60 90 78 81 71 79 104 84 64 83

Enter the data in the lists L1 en L2, plot the scatter diagram. A linear model seems to be a

good fit. Plot the residuals.
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Linke3 Floti F Flotz FZ:L1RESID o
H=aut 0 o
a=1,213261359 ore: BN L= o
: b=-134,4361048 . Ly .
a rE=, SAAZIATA1E LMlistila o
= 948808282928 Wlist:iEESID .
g Mark: B + - o "
K ¥=-3.E0158E
9.



The coefficient of determination 72 =0.90. This means that 90% of the variation of the
observations y; about the mean y 1is explained by the linear regression model.

Investigate the quadratic model:

Luadkea A Flakz Flot:
g=3x c b+ wMNi=1. 2152619589
a=.B2ASEE9599 97T E+ -134. 4851604
bh=-6. 87 7S&HHEES T35 n
=588, FE13VET NeE. BZABEE9S9ES a
Re=,9230627VELZ SEZHR2+ -6 AV ToRE

HE 72524 5+508, 721 n

SYEVAZIS e e e e e

Plot the residuals and verify the value of the determination coefficient R* =0.923 :

F:LIRESID sumit LRESIO™Z 2
118, 3284252

, ° " ° sumtCLz=502"20
o 1446, 4

a 1-116.58-1446. 4
L H23EVESZE]
:ﬂ: -1 o
H=16% Y= -4 GNEY4E

Task:
investigate other models. Verify how, by fransformation of the data, linear
regression is used to calculate LnReg , ExpReg, PwrReg.

The results for the different models are:

Model R 2 r
LinReg(ax-+b) 0.900 0.949
QuadReg (ax’ +bx +c¢) 0.923
CubicReg (ax’ +bx” +cx+d) 0.938
QuartReg (ax4 +bx° +ex? +dx+ e) 0.963
LnReg (a+b.In(x)) 0.892 0.945
ExpReg (a.b") 0.915 0.957
PwrReg ( a.x”) 0911 0.955
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