INTRODUCING MATHEMATICAL CONCEPTS USING COMPUTER ALGEBRA
VISUALISING & EXPLORING with CAS before DEFINING and/or APPLYING
L.A.A. Blomme — European School Brussels 3
Tl-symposium, Brussels — 7/10/2017

In general, there are two ways to use the computational power of the Tinspire CAS CX
or any CAS based system. The first one is to simply perform the calculations by means of CAS.
Avoiding long-lasting calculations saves time and therefore makes it easier to focus on the real
problem solving part. More math with less calculations.

But computer algebra can also be put to work didactically. For this purpose, the
TInspire CAS software is a great tool. The extensive integration of the various applications in
the calculator creates a whole range of new didactic possibilities. By visualising and exploring
a problem or a mathematical concept before introducing a rigorous mathematical definition
leads to more insight and better understanding.

PROBLEM VISUALISING

EXPLORING

Throughout the following series of examples a notes page is used to define functions
and variables, and to perform step by step calculations. Whenever a variable or function is
changed, the software automatically adjusts all calculations based on it, on every linked page.

These functions and variables can be displayed using graphs pages — eventually 3D
graphing pages. Using sliders, variables on all linked pages can be modified simultaneously on
all pages. With sliders, the graphical representation becomes dynamic providing the means
for a full exploration of the problem.

Also, the list and spreadsheet application plays an indispensable role in these

examples. It is used to perform supporting calculations as well as a buffer to store captured
dynamic data while exploring the problem.
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1. TRIGONOMETRY

1.1 RIGHT-ANGLED TRIANGLE AND UNIT CIRCLE

IIRR{IEH 1.1 unit circle - triangle

Using the sliders s, ¢ and t, sin, cos and tan can be selected respectively. Of course, you
can select more than one function at the same time.

Using the other two sliders a_ and b_ the length of the legs of the right angled triangle
a = 0P and b = QP can be changed and thus the shape of the right-angled triangle.
Dragging slider k creates a new but similar triangle.

The three trigonometric ratios are measured, calculated and displayed using the right-
angled triangle. Applying similar triangles these can also be found on the unit circle.
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1.2 TRIGONOMETRIC FUNCTIONS

INRR{IEN 1.2 trig functions

For every position of the point P on the unit P
circle, it’s sin() and cos() — as a projection on
the X and Y-axis — are measured and stored ) : ”
into a spreadsheet table.
These values are displayed in real time as a
scatter plot.

P (0,965,0,262) angl=0.265 rad

To change the position of the point P on the
unit circle, drag the green handle. As P changes, the scatter plot is adapted to display these
changes.

P (0.813.0.582) angl=0.622  rad 1 P (-0,966,0,259) angl=2.88  rad

The sliders s and ¢ behave like a switch to hide or display the trigonometric functions sin(x)
and/or cos(x).

P (0.969,0.246) angl=0.249 rad
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Hint: To start the process all over, all data need to be deleted from the supporting
spreadsheet. To do so, click every CAPTURE() command and press ENTER twice.

In the second problem of the same file the trigonometric function tan(x) is introduced

using the same technique.

¥y ; )
- N (0,-0.891) angl=2.41 rad
i
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N (0 1.2) angl:4.02 rad
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ﬂ 27
f1(x)=tan(x)
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2. COMPLEX NUMBERS

2.1 COMPLEX SQUARE ROOTS

LRRIIER?.1 COMPL SQUARE ROOTS

A complex number has two complex square roots.
We can show this using a notes page as well as a graphs page. Both pages ( of the same
problem) are linked and so are all changes and calculations.
Both pages contain 2 sliders p and q to adapt the complex numberz=p +i.q.

e zisapositive real number:e.g.z=4

[o{0)0 1 M QNLNT0: 8] - square roots of p+i-q
1. Solving in C : 22
— drag the point z or use the sliders p and q

———>_h— en RS R

pHq- i

— calculation:
zl:=\p+i-q " 2.
22:=- jpﬂ'-q » -2,
xl:—rrul(zl) > 2.
yl::imag(zl) »0
x2:=real (zz) > -2,
)'2:=irnag(12) 0

(20)
10,74 : . : : : (_2‘0) ..'” e 1 i

(4.0,

e 7z isnegative real number:e.g.z=

[&{0)0 1 M 5 QuL0T0:3 0 8] — square roots of p+i-q

1. Solving in C : 22 prai

— drag the point z or use the sliders p and q

e en

— calculation:
zli=p+i-q * 3.-i
2= ,‘p+|'-q 3
xl:—ruﬂ][z]) > 0.
y1:=imag(zl) >3,
x2::1'cal(12) » 0.
y2:=imug(z2) > -3,

7.6 ¥

(0.3])

=716

10.74

e zisanimaginary:e.g.z=4i

[o{0)0 1 M QNLNT0: 8] - square roots of p+i-q

1. Solving in C 22 pHq-i

— drag the point z or use the sliders p and q

A em Ry

— calculation:
zli=ypt+i-q * 1.41421+1.41421-d
22i=[prirq * 1.41421-1.41421- i
xl:—rual(z]) > 1.41421
yl::imng(zl) » 1.41421
x2:=real (zz) > -1.41421
y2:=imag(z2) » -1.41421

(0..4.)

(1.41.1.41)

wr | 1

(—1.41:-1‘.41)

=pig-i
:‘ Y
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e zisacomplex number: e.g.z=-4+ 3i
[EYTIRERTUITIA T - square roots of pisq e

1. Solving in C : 22 prai

— drag the point z or use the sliders p and q

b en (4.3
(0.707,2.12)

— calculation:
21:=[prirq * 0.707107+2.12132- i .
22=-pti-q * 0.707107-2.12132 § e 1 oo
x1:=real(z1) » 0.707107 i
yli=imag(z1) » 2.12132 . (-0.707,2012)
x2:=real(z2) » -0.707107 i
y2:=i1nug(1_2) »-2.12132

2.2 COMPLEX Nth ROOTS

LNRE{IER2.2 COMPL NTH ROOTS

A complex number has n complex roots of degree n.

e Eg1:7°=-8
All calculations are performed step by step using a notes page.

| COMPLEX NUMBERS REUELHEE ST WES . &
({000 1 M QULNT 0N EY — solving: z"=p+i*q / n—th roots —r(]::nm _5
1. Step by step solution in C : 3= a
—given ;=3 and a:="8 < =8 " auglc(m)ﬂvkm (2vk+1)-n ) 2-kn
- a solution: z=r+ (cns(ﬂ}ﬁ-sin(ﬂ))imdr>0 and 00:= n = 3 =c.\pand(9[l = 3 +;
— modulus or absolute value: |a‘ =8 = 2 _ -1 ~ there aren * 3 different solutions
[a] z=r0- (cos(00)+#- sin(00) k=0 » z=1+3 -
cns[h‘):mnl[ﬁ] zr=rl- (c(35[90)+i- sin(OG))\R':l s =2
= a or {cm((}):-]_gin(()):o}‘ 12:1'0-(cc1s(80)+i-sin(eﬂj)\hz »z=1—y3-i
siu(ﬁ):imug ﬁ) - or: , i
0 ‘ zo=10" (005(90)+i' sm(BO))\IFO > Zo=1.+1.73205- i
- =la . or {"3:8.3. 0=2- k- r_r} =10+ (cos(eo)ﬂ'- siu(BO))\l.ﬁl s =2,
n- 0=angle m)ﬂ"\" n 2,=r0- (cos(00) +i- sin(80)) k=2 » ==1.-1.73205- i
Using a graphs page all complex nth- 27 |y
roots can be displayed in the Argand o am)
plane. - T
Hint: changing the value of a on the " W .
notes page is all you need to do to find [** (2.0 o | e
a new set of roots. CAS will perform all \ 1. .
calculations automatically every time \ ’
you make a change. — (1. ,-1.73205 )
-2.77

e Eg.2: 7' =16i
Again, all calculations are performed step by step using a notes page.
To be able to display the complex roots in the complex number plane a list and
spreadsheet page is used to calculate the real and imaginary part of every root.
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A QNI AR — solving: z'=p+i*q / n—th roots

1. Step by step solution in C : Ao1e-i

—given n:=4and a:=16" i & 41604

— a solution z=r- (cos(e)ﬂ- sin(e)) and r >0

— modulus: |a| =16 = ‘i =i
a

cns(ﬁ‘):rcul[ﬁ]
A or {cuh((f)=0.sill((})=l }
sin(f))='1mag(—)

|

-
4 b
a or {r =164 6=2-k n+—
n- 0=angle[— |+2- k-1 2

Jaf

—r0:="\Ja =2
a

ang]c(m)+2- ke

and 80:= :cxpand(eﬂ) =

_ (#kt1)-n .
8

k1t
n 2
— Therc are n » 4 different solutions/roots

zo=r0- (cos(00)+i- sin(00) =0 » z=/ 2 +2 +[2-2 -4
:;=r0-(c05(90)+i- sin(eo))\l.tl > = 2—\/5-*— \]E
2,10+ (cos(80)+i- sin(00)) k=2 » == [[2+2 -2
7,=10- (cos(00)+i- sin(00))l4=3 » =22 -] \2
- or:

z0=r0- (cos(00) +i- sin(80)) k=0 » ==1.84776:+0.765367- i
zi=r0- (cos(B0)+- sin(00)) =1 » 7:=-0.765367+1.84776- i

2. checking

T
— argument of a = a: angle(n) ' =

(5]

= 00= angle(a) n- g

= nth root ( only one is calcu]a[ed]:n\ﬁ * m+m-i
- all solutions: cSn]\'u(Ln=a,z)
=z + {242 ior =22 - [ (242 i or
=222 ior =22 422 -

—or: cPolanuls(:n —a:)
{’1.84?76 0.765367-#,0.765367+1.84776- ,0.765367-1.84776- {,1.847

2.68 v

(-0.759,1:85-)

4.03

—|—""(0.758 ,1.85 )

-2.68

e Eg. 3:z"=p+iq

Use the 3 sliders n, p and g to adapt the value of n as well as the complex number
p+i.q. The complex roots are recalculated and displayed in real time.

[S{0)% 1 M QN0 0 8] — solving: z'=p+i*q / n—th roots

1. Step by step solution in C : zM=p+q- i

— see graphs page:n * 7. .—!——ﬂ and a:=p+q- ie =8 -4.-i

— drag slider n
— drag point z or drag the sliders p and q

— all solutions: cSol\'e(zﬂ:a,Z]

— all solutions: ilSO]\'C(T"ZEl.Z)

z=1.36453-0.090512- i or z=0.921533+1.0104- { or
z=0.780002-1.12326- i or z=0.215393+1.35045" i or
z=-0.391878-1.31017+ i or z=-1.19012+0.673594+ i or
z=-1.26867-0.510497- i

—or: cPolyRonls(;“*a;)
{’1.2686770.'510497' #,71.19012+0.673594+ ,-0.391878-1.31017- i,-0.21

»
£=1.36453-0.090512- i or z=0.921533+1.0104- { or
=0.780002-1.12326- i or z=-0.215393+1.35045+ i or
z=-0.391878-1.31017- i or z=-1.19012+0.673594- i or
z=-1.26867-0.510497- i

— Or: cPol\'Rnul:(:n —a:) = |
€ A wortels Eaa C bb D 3 F G l
= =approx(cpolyroois(z®('n)—'a.z)) |=real(a[]) =imag(a[])
1 |"\ .2686667725812-0.51048669 | ©1.26867  -0.510497 1.36752
2 -1.190123181039+0.673594141 -1.19012  0.673594
3 -0.3918784082838-1.31017310.)  -0.391878 -1.31017|
4 -0.21539256008578+1.3504548|  -0.215393 1.35045
5 ‘0.750002390314*1.123252445,, 0.780002 -1.12326
£ 0.92153305181951+1.0103955.. 0.921533 1.0104
7 1.3645254798562-0.09051225.. 1.36453 -0.090512

| ————————
A7) - 1.2686667725812-0.51049669312073- i
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5.46

-5.46

;"“f X

‘8.19 T .}L"‘q _' 8..19.
Nt

(8.,-4.)

2.3 COMPLEX TRANSFORMATIONS IN THE ARGAND PLANE

INRRIIER? .3 COMPL TRANSFORMATIONS

e Eg. 1: f(z)=z+(a+ib)-translation operator

TRANSFORMATIONS IN THE ARGAND PLANE X1 Byl [@comp! Hbced B2 @2 B i n
lati b = ='%1+i*y1 =f{comp1) =real{beel =imag(be¢
translation ll]]LIdl(]T l(d, ) 1 3I 93+0% 3.410.% 3. 10.
— define the complex tranformation: f(:]::/fruvi- b 2 3 6346 3470 3. 7.
3 4 6 4+6% 4474 4. 7
1. See graphs page % 3 33+3% 34400 3. 4
. . . 5 3 33+3% 3440 3. 4
— drag sliders a and b to change the vector of the translation - . N
5 4 44+44 4.45. 4 s
— click the switch on to hide or display the shifted image 7 3 13+ 34204 3. 2
& 4 14+ 4420 4. 2
s 4 2442t 4.43.0 4. 3
10 5 25424 5.43.% 5. 3
i 5 15+ 5.42.% 5. 2
12 6 16+ 6.+42.% 5. 2
13 5 45+4% 5.45.% 5. 5
14 6 3 6+3% 6.+4.% 5. 4
15 5 6 5+6% 5.47.4 5. 7
[ 3
10.83 v 10.83 ¥
i
&
1 . L
16.24 1 1624 [16.24 1 16.24
fleriey)=(e+i-w)+(8. +i--7. )
! E 10.83 : -10.83
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e Eg.2: f(z)=r.zand r e R -scaling

18.9° 18.9 ¥
i a1 o V (S A
6.43 1 o ) 26,06 643 1 - 25,0%
2,60 f{.\'+i’_l‘J:(.\'+i‘_l’)‘(2» ) . f(,\‘*’l")')‘()l*i'}’)'(0-6 )
e E.g. 3: f(2)=7 -reflection in the X-axis
1034 Ty
1t [T
F12.43 1 1 T 20.06
f{,\'+f-'lr):(_r—i-7|') 7 ,—‘ W
e Eg. 4: f(z)=z(cosa+i.sina) - rotation centred at O(0,0)
10.83 v 10.83 ¥
. AR : )
16,24 1 16.24 l-16.24 1 16.24
foriep)=(x+ip)-(-3.67e6+i1. ) Jlx+i- v)=(x+i- y)-(0.284 +i--0.950)
¥ 10.83 ﬁ—'_h 1w 10.83
e Eg.b5: f(2)=f(X+iy)==Xx+iy e
- reflection in the Y-axis ‘
A A
16,24 e 1 16.24
text .
/(:,\‘f’i‘_l')—(*,\'*i‘_1")
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e Eg.6: f(z)=(z—a—ib).(cosa+i.sina)+a-+ib -rotation centred at P(a,b) with

scaling r
10.83 .83 v
=y
i g .
[ 16.24 16.24 F16.24 r 16.24
v L (4.5.5) r - L (4.5,5) ]‘
; ] , . [ o .
10.83 TR T 10.83
10.83 1083 Ty
A 1
16.24 . 16.24 16.24 1 16.24
v L (4.5,5) r L L (4.5,5) ]‘
\‘ 1 1 L | 1 \d i R 1 — |
10.83 sy .G LT -10.83
10.83 083 [y
L Ve
16,24 16.24 F16.24 AN RN 16.24
v L (4.5,5) }_ (4.5,5) ]‘
10.83 ! 59 _'_7- . T -3
10.83 s [y
117 ‘ 1 -
\‘ 4/ iR r o
s \ b\
- " LT
16,24 16.24 16,24 16.24
. L (-4.7.5) - (0.5)
- y N | ) . e
10.83 S T -3
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3. REAL FUNCTIONS

3.1 DOMAIN and RANGE

IRRIIER3. 1 FUNCTIONS DOMAIN RANGE

Once a function is defined on a notes page, the command DOMAIN(f(x),x) — executed in a
math box - will display the domain of this function.

P is a point on the graph of the function already defined on the notes page. Dragging this
point P on the graph will create a graphical representation of the domain as well as the
range of the function using a perpendicular projection of the point P on the X and Y-axis.

The TNS file contains many more examples.

3.2 PARITY: ODD or EVEN FUNCTIONS

LNRRIIER3.2 FUNCTIONS ODD EVEN

As usual, the function is defined on a notes page. By simply changing the definition of the
function another function can be studied.

This application focusses on finding even and/or odd variations of a given function. How
many are there, etc.?

The graph of the function is displayed on a graphs page. The slider on works as a switch
with 3 positions: 0 = display nothing; 1 = display first solution; 2 = display second solution.
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e E.g.1:even variations

e E.g. 2: 0dd variations

4o | ¥ a8 | x

3.3 OPERATIONS with functions

e SUM of two functions

LINNE{IIH3.3a SUM OF 2 FUNCTIONS

Both functions are defined on a notes page and displayed on the same graphs page.
Dragging the P on the X-axis creates a scatter plot of the sum of the two functions.

The graphs page contains two sliders which function as a switch. Slider sum switches
between displaying and hiding the sum of the two functions. Slider on switches the
scatterplot on or off.
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e
;
4
y
y
p
Y

LNRR{IlEH3.3b PRODUCT OF 2 FUNCTIONS - spec

One of the functions is a constant function.

Product of two functions: scaling, a special case

graph 2

LINNE{IIH3.3c PRODUCT OF 2 FUNCTIONS

Product of two functions: special case

e QUOTIENT OF 2 FUNCTIONS

LNNE{IIH3.3d QUOTIENT OF 2 FUNCTIONS
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This file contains a lot of other examples.

4. RELATIVE POSITION OF TWO SPHERES — POINTS OF INTERSECTION
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TNS-file: MR

This file contains an overview of all possible relative positions of two spheres. It includes a
step by step calculation of the points of intersection as well as a 3D graph of the relative
position of the spheres. The definition of the spheres and all calculations are performed

on a notes page.

2 SPHERES [ relative position / points of intersection
— of two spheres B,(M,r,) and B.(N,r.)
ml* 3.:m2=0+0;: m3:=0"*0;rl:=3+3

ml 3.
m:—[mz} . { 0 } = Sphe|re Bl(M,rl):
1]
(Jc—ml)2+(v—n:lz)2+(:—m3]2=r12 v .\'2 t b.-.\'l‘vz I:2 +9.=9
nli=4 » 4:02:=0 *» 0;n3%=0 » 0;r2:=2* 2
rl] 4
=2 o
n3 0
(x—nl)2+(v—n2)2+(:—n3)2=r22 r .\‘2—8-.\‘41\J2+:2+lb=4
1. see graphs page
2. calculation:
— distance A(B.B.) = norm(m-n) » 7. >r14r2 > 5

m3

= Sphere B2(N,r2):

2. calculation:

= no points of intersection

— distance d(B,,B,) = mmn(mfn) 7. rrl4r2 - 5




By placing the centre of both spheres on the X-axis, every sphere becomes a solid of
revolution obtained by rotating a half circle ( situated in a plane ) about the X-axis.
The 3D graphing page contains 6 sliders:

e Use the sliders m1 and n2 to change the position of the centre of a sphere on the

X-axis.

e Use the sliders rl and r2 the changes the radius of a sphere.

e The sliders Rot and rot2 are used to control the display of the rotation process.
Using these sliders we can explore the different relative positions of two spheres.

i A2

IS ;
¥

To calculate the points of intersection, a different approach is needed for every case.
We will only consider to spheres with a different radius.

e Case 1: no points of intersection

f1(x)—fr12~(r-m1)?

&
=3 - -_—-””“'--—.,,_7‘__ ‘
2(x)=Jr2*~(x—n1)? ( ( W
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e (Case 2: 2 tangent spheres — one point of intersection

2. calculation:
- d(B,,B:) = nunn(m—n) » 5 =rl+r2 » 5 = tangent spheres
— one point of intersection ( tangent point )
— tangent point = point of intersection of the line NM with B1 and B2

3-5-1
— line NM: L:=1- (m—n)+n . 0
0

— points of intersection with B1:

sol\'e((3—5-,l—ml)2+(0—m2)2+(0—m3)2=r12,l) . ,|=§ or .1=§

11 = : d1j 8 ’

=== a -2,

| p o| and 1, p 0
0 0

— points of intersection with B2:

2 2
solve((3—5-,1—n1)2+{0—n2)2+(0—n3)2=r22,1) » A== orl== L

C 3 -

— points of intersection with Bl:

S()l\e((3—5-.l—ml)2+(0—m2)2+(0—m3)2:r12_l) > .1:2 or 'l:%

] 2 : dl 8 N

=== and I[j=— »

} = o } = |o
0 0

— points of intersection with B2:

S(]]\.E((3—5‘ ,l—nl)2+(0—n2}2+(0—n3)2=r22,,1) J ,12% or ,l=§

=2 a2

=== and [f=— ~

5 |0 =3 o
0 0

1
— intersection point of Bl and B2 = |
0

N

" / <

f

o //// | G

LA N S " - ‘ \
R SN . ez 2 4 §
A: 456
{ W 2(x)=r2%(x-n1)?
T m—
» il TR
i) —{r1? (x m1)?

e Case 3: 2 intersecting spheres — circle of intersection

05 2()=r2? (r-n1)?

9.3y

f1{)={r12~(r-m1)?
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On the graphs page two more sliders that work as a switch have been added. The

switch onl displays or hides the plane containing the circle of intersection of both spheres.
Slider on2 displays or hides the right-angled triangle used to calculate the radius of the circle
of intersection as an application of the Pythagorean theorem.

The complete working and all calculations are done using a notes page.

2. calculation:

- d(B,,B;): |r1*r2‘ =1 <nurm(nrn) » 5 <rl4r2 - 7
= intersecting spheres

— ® points of intersection = circle of points of intersection

— calculation of the intersecting plane €:
(r—m1)2+(v—m2)2+(:—m3)2—1‘]2=(x—n1)2+(v—n2)2+(:—n3)2—r22

> k244 x+_v2+:2—5:x2—6- x+y2+:2 -7

—circle=Bl N B2=Bl NQ=B2NQ [ seegraphs page ]
3. calculation of the centre T of the intersecting circle
— T is the point of intersection of the line NM with the planc
5 &3
— MN 1:=4- (n*m)+n v 0 :|
0

16
- sol\'e(m=],5,l,y) » 6=— and 1=0 and p=0
25

-1 !
om0y m2)+ -m3)?-r1?~e-n) - -02)2-(n3)er20 = T=tl5=— | 5 | orwli=0. nd =0+ | 5
10- x+2=0 0 0.
-1 -1
-1 o] o] |—| |— 0 0
= intersecting plane Q: x=? or wi=le| 1+ (o |+ 515
of Lo |
] U -

4. calculation of the radisu s of the circle
— click slider onl to hide or display ATMP
9
—dM,T)= norm(t—m) r
2
— radius of the sphere =r1 *» 3
— Pythagorean theorem in ATMP: |111p|2:|mr‘ 2+‘fp‘2

12
< sul\‘e(rlzz(nonu(t*m)) 2+52‘s]|520 » s=— ( s=radius circle=0)
5

The TNS file also contains an overview
of the relative position in case both spheres

have the exact same radius.
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5. HYPERBOLIC FUNCTIONS

5.1 HYPERBOLIC FUNCTIONS and EXPONENTIAL FUNCTIONS

LNRRilEHS. 1 HYPERBOLIC 1

Both exponential functions f(x)=e€"and g(x)=e™ are displayed on the graphs page.

Dragging the point a on the X-axis ( you can also use the slider instead ) creates a scatter
plot of the average sum and the average difference of both functions as well as the ratio
of these two averages.

1 \ 608 * v

‘\‘I‘

@ s y=tauha(x)

o

16 316

The 3 sliders s, c and t work as a switch to display or hide the hyperbolic functions sinh(x),
cosh(x) and tanh(x) respectively.

5.2 HYPERBOLIC FUNCTIONS as TRIGONOMETRIC FUNCTIONS ?

LSRIIERS. 2 HYPERBOLIC 2

To illustrate the similarity between the standard trigonometric functions and the
hyperbolic functions a graphs page is used displaying the unit circle and the unit hyperbola

x=y1+y? . m— . T —

Just as the points (cos t, sin t) form a circle with | ol o
a unit radius, the points (cosh «, sinh ) form

the right half of the equilateral hyperbola.

The hyperbolic functions take a real
argument called a hyperbolicangle « . The size |+ ¢
of a hyperbolic angle is twice the area of \ |
its hyperbolic sector. Half the hyperbolic sector

sinhlor)

a . .
=E is coloured in orange on the graphs page.

Dragging point P on the hyperbola creates in
real time a scatter plot representing the perpendicular projection on the X and Y-axis and
thus the corresponding hyperbolic functions.
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-1.76

sinh (a)

cosh((x)

6.5

The 3 sliders s, c and t work as a switch with 3 positions.

- 0 =display the scatterplot of sinh(x), cosh(x) or tanh(x) only

- 1 =display the scatterplot and the function

- 2 =display the function only and hide the scatterplot

vy—tanh (.\)

y=sinh(x) [(Nh(ﬂ)
-265

/ wsinh(\)

cosh! (u)

(s
i

5.3 APPLICATION OF HYPERBOLIC FUNCTIONS: CATENARY

TNS-file: SECEOAYIANVNN]

We use a picture of a golden chain
hanging in a display case as a background for
this exploration.

As a first attempt, we try to fit a
parabola passing through the vertex and two
other points of the chain, the points of
suspension.

INTRODUCING MATHEMATICAL CONCEPTS USING COMPUTER ALGEBRA — L.A.A. Blomme




20

Of course, we could do this by calculation but this is not necessary thanks to CAS.

e Drag the vertex of the parabola y = x* to the correct position on the chain.

e Drag another point of the parabola ( not the vertex ) to make the parabola as wide as
necessary to pass exactly through the two points of suspension.

Maybe not so a bad as a first result, but we can do better using a catenary

X
=a.cosh| — |!
y (b]

e Drag slider a to move the vertex to the

correct position on the chain.
e Drag slider b to adjust the width of the
catenary.
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6. DERIVATIVE FUNCTION

6.1 DIFFERENCE QUOTIENT

LNRRlEHG. 1 DERIVATIVE SECANT TANGENT LINE

P is a fixed point on the graph of the function. Dragging point b on the X-axis changes
the position of the point Q on the graph of the function and therefore the slope of the
secant line PQ. This slope as well as the difference quotient are measured and calculated
for every new position of point Q.

13.1 1 ¥ 13,1 | ¥

diff quotient = % = "f(b) /(UJ
Ax

b-a

1 secant line

=0.769

| vide x=5A u ]

(5.00,4.93)

side_y=3.92 u

diff quotient =

v fb)-Aa)

\x bh-a

secant line

=1.59

slope secant line = 0.7691 slope secant line = 1,59 (5 99.10 5)
side_y _ 0.769: side_y _ | 59 '
side_x 1 side_x

side_y=9.52 u

side x=,t", i

I
i/
/ 402

b 15.06

10.62

a1

.

6.2 SECANT LINE — TANGENT LINE - DIFFERENTIABLE

LSRRG . 1 DERIVATIVE SECANT TANGENT LINE

The graphs page is divided into two parts. To the left, a fixed punt P on the graph of
the function is displayed as well as the tangent line at this point. Another point Q on the
same graph is a variable point. Dragging point Q on the graph changes the secant line PQ.

To the right, the constant function represents the slope of the tangent line at P.

Dragging point Q changes the secant line PQ. The constantly changing slope of this
secant line is displayed as a scatterplot.

5.36 | ¥

slope tangent line at P

237"

347

[os Ty T A

/(2.
7

5,2.25)

5361 v 6.03 v
slope tangent line rkl=1 slope tangent line rkl=1
slope secant line PQ k=-0.064 slope secant line PQ k=1.24 /
1 (3.883.72)
[is differentiable at P / fis differentiable at P

St

slope tangenLlinerat P

[-2.37

-0.37 {07

.31

0.5

xp

5.32

In this case the function is differentiable at P.
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6.3 SECANT LINE — TANGENT LINE — NOT DIFFERENTIABLE

LNRRilEHG. 1 DERIVATIVE SECANT TANGENT LINE

Using the same technique an example of a not differentiable function at a point P can
be created easily.

4271y e
slope tangen! line 5. )

slope secant line PQ k=-0.54

| ~184.2.5
\\

0.2t x
241 0.5 1.19
018

PR
slope tangent line
slope secant Iine PQ k=-0.54

[is not|differentiable at P fis not|differentiable at P

(1.1)

0.2 !
i
EINE] .6 |slope tangent line at P?

I
2.6 |Slope tangent line at P ?

6.4 DERIVATIVE FUNCTION

LRRilEH6.2 DERIVATIVE FUNCTION

In this problem, P is a variable point on the graph of a quadratic function. The tangent
line at P is displayed and it’s slope is measured.

Dragging point P on the graph creates a scatter plot representing the constantly
changing slope of the tangent line at P or the corresponding derivative function.

Slider v works as a switch to hide or display the derivative function.

1

v X
& / 1 13.44 s R T
slope of the .’(; gent line at P rico=5.15 ~ slope g}‘r}u/né-; Iine at P rico=5.15
/ |
4

;48 -4.83

The TNS-file contains also several other
examples with different types of functions:
linear, trigonometric, etc.

12(\‘)7%0(\‘))
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(1))
dx

rico=0.5

slope of the tangent line at P rico=1.14

d
=L (i)

(xcoé,ricos)

x

“la.6s

The same approach with the scatter plot representing the slope of a tangent line at a

function at one or more points.

variable point on the graph, can be used to create an example of a not differentiable

f2(x) imm]
dx

11.78

11.78 v

aemsseosmreard

B8.87
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7. VOLUME OF A SOLID OF REVOLUTION

LRRiIER7.1 SOLID FO REVOLUTION

7.1 CYLINDER

We will use the disk method. As usual, the function is defined on a notes page. The
volume of a cylinder is shown and compared to the result using the general formula.

On the first graphs page a slice is drawn using a constant function. The solid is formed
by rotating the area between the graph of f(x) and the X-axis and the lines x=a and x=b
about the X-axis. To get a cylinder or disk the rotating area must be a rectangle, shown on
the first graphs page.

TR RO BIRTOIRGEON - Volume of aleylinder / disk — drag the slider ROT (rotation) to rotate the graph about the X—-axis =
1. see graphs page 1 — drag sliders a and b to change the slice/rectangle.
The solid is formed by rotating the area between the graph of f(x) and the — type X: view in the direction of the X—axis ( = a point )
X-axis and the lines x=a and x=b about the X~axis. — drag slider ROT to see the rotation [rom this perspective
—f1(x):=r in [a,b] = [0.53. ] — type O: to return to the original point of view
- radius of the cylinder = r
— height of the cylinder h:=b-a » 3. — the solid of revolution is a cylindeﬂ
2. see graphs page 2 comparision ol the formula and the integration method:

— f1in the XY-plane ( z=0 ) is graphed using a 3D graphing page

Volume of a cylinder(h,r) = n- 21+ 37.6991

— drag the slider ROT (rotation) to rotate the graph about the X—axis h
— drag sliders a and b to change the slice/rectangle.
~ using the integration formula: '(ﬂ())z)i"'ST()QQI
— type X: view in the direction of the X—axis ( = a point ) using (he mtegration formula: OI & ax :
— drag slider ROT to see the rotation from this perspective
— 1ype O: 1o retum Lo the original point of view - |

A 3D graphing page is used to visualise
the process of rotation about the X-axis. _
Using the slider rot we can simulate and l_ .
control the rotation. When the rotation is sl
complete we get a solid of revolution. In

this case a disk or cylinder. Wl g
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The slider r can be used to adapt the
radius of the cylinder. With the two remaining
sliders a and b the height of the cylinder can be
changed.

7.2 VOLUME OF A SOLID OF REVOLUTION

In the second problem of the file a possible approximation method for the volume of
a solid of revolution is introduced, the disk method. In the example 5 disks are used.

The radius of every disk corresponds to the height of the rotating rectangle,
determined by the shape of the graph of the function. The height of the rectangle is the
average value of the function in each corresponding interval.

On the 3D graphing page the approximating disks are displayed.
On the second 3D graphing page the five approximating disks can be compared to the
solid of revolution.
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Finally, a notes page is used to compare the volume of the solid of revolution and the

approximation of the volume as the sum of the volume of n cylinders.

The slider controls the number n of approximating disks or cylinders. For every new value

of n the approximating sum of the disks is recalculated automatically.

EIORNERO R IAYO RIFFONE - Volume as a sum of cylinders / disks
— Approximation of the volume of the solid = sum of 5 cilinders
= cil[l]+ci1[2]+cﬂ[3]+cﬂ[4]+ci][51=

13.7347+ 64.9089+ 142.177+153.938 +43.6448 =418.403

— Limit of this approximation = sum off e cilinders #———

5
aant_cilinders * 5. = sti=————— * |.
aant_cilinders
— approx of the volume = sum 5. cilinders =sum(cilinders) » 418.403

5

— Calculation of the volume: [T[- (f'l(x))z]d,\- » 460.566
0
— change with the slider aant_cilinders the number of approximating disks:
10, 25,... , elc. |

- Volume as a sum of cylinders / disks
— Approximation of the volume of the solid = sum of 5 cilinders
= cil[ﬂ+ci][2]+cil[3]+cil[4]+cil[5]=
13.7347+ 64.9089+ 142.177+153.938 +43.6448 =

418.403

— Limit of this approximation = sum off « cilinders F—,—,—.—,—,—‘

_ 5
aant_cilinders

>

aant_cilinders » 5. = st

— approx of the volume = sum 5. cilinders =mm(cilinders} » 418,403

5
— Calculation ol the volume: (7t~ (f‘l(x))2]d_r > 460.566
0
— change with the slider aant_cilinders the number ol approximating disks:
10,25.... , etc. |

EIORNERO R IAYO RIFFONE - Volume as a sum of cylinders / disks
— Approximation of the volume of the solid = sum of 5 cilinders
= cil[11+ci1[2]+cﬂ[3:|+cﬂ[4:|+ci][51=

13.7347+ 64.9089+ 142.177+153.938 +43.6448 =418.403

— Limit of this approximation = sum off e cilinders —#——

5
aant_cilinders » 20. = st:=———————— * 0.25
aant_cilinders

— approx of the volume = sum 20. cilinders =sum(cilinders) » 457.827

5

— Calculation of the volume: [T[‘ (f'l()’))z]d,r * 460.566
0
— change with the slider aant_cilinders the number of approximating disks:
10, 25,... , etc.

- Volume as a sum of cylinders / disks
— Approximation of the volume of the solid = sum of 5 cilinders
= cil[ﬂ+ci][2]+cil[3]+cil[4]+cil[5]=
13.7347+ 64.9089+ 142.177+153.938 +43.0448 =418.403

— Limit of this approximation = sum off e cilinders e i

5
aant_cilinders » 20, = sti=———— » 0,25
aant_cilinders

— approx of the volume = sum 20, cilinders =sum(cilinders) » 457.827

5
— Calculation ol the volume: (7t~ (f‘l(x))2]d_r > 460.566
0
— change with the slider aant_cilinders the number ol approximating disks:
10, 25,... , etc.

7.3 SOME APPLICATIONS

LNNS{IER7.2 VOLUME SOLID FO REVOLUTION

e E.g. 1:torus of revolution
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It (he ‘igi!é]

0.5

8.33 —(2) 0.5 ;7\.:2 8.67

4.84

2. see graphs page 2
3. volume of the torus

2
volume luruh(-’l-‘,2) = J (T[- ((fl(x))zf(ﬂ(x)} 2)) dr » 32: 72

2

4. general solution: (

f{.¥)1=h+ !1‘2712
g(x):= .'_\j r2—.\'2

volume torus(h,r) = J {I- ((ﬂx))zf(g(x))z))dﬂr)(] s 222

r

e E.g. 2: wine glass as a solid of revolution

text [ .
() 1P
B fl{e)=fr 5 K
£2(1)-x—5.25 L
| /’
los /
.11 0.5 " - 1 »«‘
=0.5
=115
as
4.52 v e -
calculation in 3 parts [
3(x) 1 [ click slider ON on graphs page 1 to scc the 3 parts |
' 5.04 5.25
volume(glass) = (TL‘ (B(x))z) dx + (n- (ﬂ(x})z) dx +
0.5 5.04
11.5
0 (Tc- ((ﬂ(x})zf(ﬂ(x])z)) dy
. B 5.25
e x=5 = 5.65985 +0.095661 + 490874 = 10.6643
*=0.5 x=5.04 =115 b. volume of wine ?‘
11.5
. volume(wine) = (n' (fz(x))z)dx » 61.3592
el 5.25
3.48

Using CAS, the calculation of the volume of these solids of revolution is easy enough.
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